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The spira l  flow of a viscous liquid in an annular gap (formed by concentr ic  cylinders} due to 
the rotation of the inner cyl inder  and the axial p re s su re  gradient is considered;  the stability 
of the flow is d iscussed in relation to smal l  but finite rotat ionally symmet r i ca l  per turbat ions.  

The theory  of the stabili ty of spi ra l  flows is usually considered on a l inear basis and considerable s im-  
plifying assumptions are made; the per turbat ions are assumed to have rotational symmetry ,  the gap between 
the cyl inders  is considered as being narrow,  and the axial Reynolds number  is regarded  as small  [1-5]. No 
limitations were imposed on the axial flow in [6], in which the problem was solved by an asymptotic method 
on the approximation of a nar row gap. An analysis of stabili ty with no limitations imposed upon the width of 
the gap, based on the equations of an ideal liquid, was presented in [7]; the case of cylinders slipping relative 
to one another and nonrotat ionaliy symmet r i ca l  per turbat ions was considered in [8]. The influence of an axial 
flow on the stabil i ty limits was studied exper imental ly  in [9-14]; se l f -osci l la t ions  in an annular tube were ob-  
served  in [11, 12]. 

A detailed numer ica l  study of the stabil i ty of spira l  flows was presented in [15, 16]; in addition to the 
ro ta t iona l ly - symmet r i ca l  case,  th ree -d imens iona l  oscil lations were considered,  andthe neutral  curves  were  
calculated over  a wide range of var ia t ion of Reynolds numbers ,  gap widths, and longitudinal wave numbers .  
A s t r ic t  proof  of the existence of a situation, periodic in t ime, ar is ing as a result  of the loss of stability of 
the spira l  flow due to rotation and a ve ry  slow t ransla t ional  motion of the cyl inder  was presented in [17]; one 
example of the generat ion of convective se l f -osci l la t ions  of the flow of a viscous liquid in a cyl indrical  tube 
was considered in [18]. 

In this paper  we shall use the Lyapunov-Schmidt  method [17, 19-21] in considering the case of a narrow 
channel, in which ax i symmet r ica l  per turbat ions  are the most  dangerous [16]; we shall calculate the amplitude 
of the secondary  t ransient  laminar  mode and study its stabili ty for  var ious  values of the Reynolds number  
Rez, const ructed f rom the axial velocity.  We shall show that, if the pa r ame te r  Re z <40 and the Reynolds num- 
ber  of the rotational component of the spi ra l  flow exceeds the cr i t ica l  value given by the l inear theory,  soft 
excitation of a stable, se l f -osc i l l a to ry  flow having the form of waves t ravel ing in the liquid along the axis of 
the cyl inders  will occur .  The main spira l  flow will then lose stability. 

1 .  P r e s e n t a t i o n  o f  t h e  P r o b l e m  

Let a viscous,  incompress ib le  liquid of density p with a kinematic v iscos i ty  v occupy the space between 
two concentr ic  cyl inders  of  radii  r i a n d r  2 (r 1 <rz). The inner cyl inder  rotates uniformly with an angular ve-  
locity F,  the outer one remains  s ta t ionary.  We take r 2 , r l ,  ( r~-r l )2/v,  p(r 2 -  r 1)3 as units of length, t ime, and 
mass  and introduce a cyUndr ica lcoord ina te  sys tem r,  0, z ' , i n w h i c h  the z T axis coincides with the axis of the 
cyl inders .  As we are  interested in t ime-per iod ic  modes of flow possess ing  rotat ional  s y m m e t r y  ( 8 / 8 0 - 0 }  
and a specified periodici ty  along the z T axis, we shall seek solutions to the dimensionless hydrodynamic equa- 
tions in the G r o m e k o - L a m b  fo rm 

0v'lOt ~- r X v' ~- rotr ~ g r a d h '  = 0, r = ro tv ' ,  d ivv '  = 0, (1.1) 
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s o l e l y  dependen t  upon the  v a r i a b l e s  r and  z = z ' - c  ' t  (e '  i s  t he  unknown p h a s e  v e l o c i t y  of  the  w a ve s ) .  It was  
v e r i f i e d  in [17] tha t  in the  a x i s y m m e t r i c a l  c a s e  e v e r y  i s o l a t e d  l i m i t i n g  c y c l e  of  the  s y s t e m  (1.1) a d m i t t e d  a 

r e p r e s e n t a t i o n  o f  t h i s  k ind ,  in v iew of  t he  i n v a r i a n c e  o f  the  e q u a t i o n s  in r e l a t i o n  to  s h e a r  z , ~ z ,  + c o n s t .  The 
s o l u t i o n s  wh ich  we a r e  s e e k i n g  shou ld  be 2~r /a  p e r i o d i c  wi th  r e s p e c t  to  z (~ is  the  s p e c i f i e d  wave  n u m b e r ) .  

We s e e  f r o m  the  e q u a t i o n s  o f  m o t i o n  tha t  the  t o t a l  p r e s s u r e  g r a d i e n t ,  a v e r a g e d  o v e r  the  p e r i o d ,  does  not d e -  
pend  on the  t r a n s v e r s e  c o o r d i n a t e  r ,  and we a s s t / m e  it  a s  p r e s p e c i f i e d :  

~z t' Oh" dz 2-~ . ~ = c o n s t .  

The  f o r e g o i n g  cond i t i ons  a r e  s a t i s f i e d  by the  z - i n d e p e n d e n t  s t e a d y - s t a t e  s o l u t i o n  ( s p i r a l  flow) 

v'  = V(r) = (0, V0, V~); to' = ~(r) = (0, ~o, -q~) = rot V; (1,2) 

h' = H = const z T 0,5 V~ + V:I § .! V~/rdr . /  

wi th  v e l o c i t y  c o m p o n e n t s  

Vo - Re0(dl/r - -  d.r); Vz = Re:[d:j(r ~ - -  ~'-') - -  d~ In (r/~)1, 

= r j ( , ' :  - -  r~), d., = ~/(i + 2~), d t =  (i  + ~):d~, 

d ~ = 2  1 t ' "- ' "-~ 
- -  t -~ 2~ n (~ + tI~) , d a = d~- 1 + 2~ ' 

w h e r e  Be 0 = F r l ( r 2 - r i ) / v  is  the  R e y n o l d s  n u m b e r  o f  the  a z i m u t h a l  componen t  V 0 c o n s t r u c t e d  f r o m  the  m a x -  
i m u m  v e l o c i t y  F r  i and the  width  of  the  channe l ;  Re z i s  the  Re yno ld  s n u m b e r  of  the  a x i a l  flow V z b a s e d  on the 
v i s c o s i t y  v, the  channe l  wid th  r 2 - r l ,  and the  a x i a l  v e l o c i t y  a v e r a g e d  o v e r  the  c r o s s  s e c t i o n  o f  the  a n n u l a r  
t ube ,  so  tha t  we have the  e q u a t i o n  

2.~ 1" Vzrdr = ~x [(i ~- ~)"- - -  ~1R%, 

in t he  c a s e  of  a n a r r o w  gap ( ~ - - ~ )  the  p r o f i l e  V z p a s s e s  into p a r a b o l i c  f o r m  V z =6 R e z y ( 1 - y ) ,  y = r - ~ .  

Seek ing  the  p e r i o d i c  m o d e s  b r a n c h i n g  f r o m  s o l u t i o n  (1.2), le t  us  s u b s t i t u t e  the  fo l lowing  into Eq. (1.1): 

v '  = V v(r. z), (o' = ~ ~ to(r, z). h '  = H h(r, z), c' = c Re. ; 

in o r d e r  to d e t e r m i n e  the  p e r t u r b a t i o n s  of  v,  h , ~  and the  c o n s t a n t  c we ob ta in  a n o n l i n e a r  p r o b l e m  with  r e -  
s p e c t  to  t he  e i g e n v a l u e s  

- -c  R e S c / d z  ~ ! ) x v  -=- toy.V =- rot to + grad h = vXto, to = rot v, 

.~'~ (1.3) 
d i v v = 0 .  1 ~h d z = O , v = O ( r = ~ , l - ~ ) ,  

- -  .~ ' ( z  

fo r  wh ich  it is  r e q u i r e d  to  f ind a n o n z e r o  so lu t i ons  27r/o~ p e r i o d i c  in the  c o o r d i n a t e  z .  

2 .  L y a p u n o v -  S c h m i d t  S e r i e s  

L e t  Re0be  the  c r i t i c a l  v a l u e  of  the  p a r a m e t e r  Re 0. L e t u s  put  Re  o = Re 0 + e2, and  r e g a r d i n g  e a s  s m a l l ,  s e e k  
the  s o l u t i o n  to the  p r o b l e m  (1.3) in the  f o r m  of  [19]: 

(v, h, to) = ~" .., ek(Vh, hk, to~), C = ~ ~ %  
h = l  . h = O  

(2.1) 

W e  t hen  a r r i v e  at  a s e r i e s  of r e c u r r e n c e  p r o b l e m s  ( k = l ,  2 ,  3 . . . )  

- -c  o Re~ Ov;,/dz ~ ~o ~:v.,~ --  (oh~,V o '-- rot to~ ~- grad hh == fh, 

rot vh = tor~, d ivv~  = 0, vk = 0 (r = ~, t ~ ~), 

S Oh h dz = 0, (vk, ha, tok)t~ ~ (v~, hh, toDh+2~i~ 

(2.2) 

wi th  known r i g h t - h a n d  s i d e s .  F o r  e x a m p l e ,  
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f ,  = O, f., = "q 7,~. o h + c t R e z O v ~ / O z ,  

fa = vx :< r --' v~ .'< o)1 ~- c~ Re~ Ovt/OZ -i- cz Re, Ov.,./Oz - -  (f~, X v~ + to~ X V0. 

He re  we have i n t r o d u c e d  the  n o t a t i o n  

V o = Vlt : teo=~e , , V 1 = V R e o = t ,  9 0 -~- rot Vo, 9~ = r o t  V~. 
IR% =~ 

When k = 1 we ob ta in  a l i n e a r  h o m o g e n e o u s  p r o b l e m  f o r  c a l c u l a t i n g  the  c r i t i c a l  p a r a m e t e r s  Re0, c o and the  
e i g e n h m c t i o n .  The  s o l u t i o n  to  t h i s  p r o b l e m  m a y  be sought  in the  f o r m  

(v.  h,, r = [~(O(v)e~ + O*(v)e:~, 9, 
�9 = ( %  g, 7), g =  r - -  ~, ( 2 ~ )  

in which  the  unknown r e a l  c o n s t a n t  fi ( ampl i tude  of  the  s e l f - o s c i l l a t i o n s )  m a y  be r e g a r d e d  as  p o s i t i v e ,  s i n c e  
t h i s  s t a t e  o f  a f f a i r s  m a y  a l w a y s  be a c h i e v e d  by mov ing  the  o r i g i n  a long the  z a x i s .  The  a s t e r i s k  deno tes  the  
o p e r a t i o n  of  c o m p l e x  con juga t i on .  S e p a r a t i n g  the v a r i a b l e  z, we a r r i v e  at a s y s t e m  of  s ix  d i f f e r e n t i a l  e q u a -  
t i o n s  of  the  f i r s t  o r d e r :  

D %  = - -q% - -  i a%;  Dq~ o = ?:  - -  qq0; Dq :  : -  i~% - -  ?0: 

D g  = ~uc,~ Re~ % -+- /~Z?o-- A,.: D~}o =: ic~c o Be: c~,: - -  i~xh - -  q~,,~ - -  A:; 
(2.4) 

D ? : :  !.aT~ - -  i ac  o Rez ff~ --' A0, ?~ = - - i ~ ,  q = (~ - y)-~. 
D : d / d y ,  A = .o. o ~ ( ~  + ? .'< V , ,  

fo r  which  it is  r e q u i r e d  to  s e e k  a n o n z e r o  s o l u t i o n  s a t i s f y i n g  the  b o u n d a r y  c ond i t i ons  ~v r = ~ 0  = * z  = 0 (y =0,  1). 
By way  of  n o r m a l i z a t i o n  i t  i s  conven i en t  to  t a k e  the  cond i t i on  Yz =1 at y =0.  F o r  t h i s  cho ice  of  n o r m a l i z a t i o n  
the  quan t i t y  2fi~ m a y  in the  c a s e  of  s m a l l  ~ be i n t e r p r e t e d  as  the  a m p l i t u d e  of  the  p u l s a t i o n s  o f  the  t a n g e n t i a l  
s t r e s s  Pr0 on the  i n n e r  c y l i n d e r .  

In o r d e r  to c o n s t r u c t  the  con juga te  p r o b l e m  [19] we s c a l a r - m u l t i p l y  the  f i r s t  equa t ion  of  (2.2) fo r  k = l  
by the  s o l e n o i d a l  2~/o~ p e r i o d i c  (in z) v e c t o r  ~ ,  wh ich  v a n i s h e s  at r = ~, 1 + ~, and i n t e g r a t e  o v e r  the  r e c t a n g l e  
{~ _<r-<l + ~, - v / o ~  <-z-<~r/o~} wi th  weight  r .  If  we t hen  i n t e g r a t e  by p a r t s ,  change  the d e r i v a t i v e s  in vi, hi ,  ~ l  
to  ~ ,  and i n t r o d u c e  the  a u x i l i a r y  v a r i a b l e s  P and A, we a r r i v e  at the  con juga te  p r o b l e m  

c~ Re-. OW','Oz ' -  u2"'/.9., o -~' grad P -:-' rot A = 0, div W = 0, 

r o t ~ - 7 - '  V o •  A , ~ =  0 ( r =  ~, t - "  ~:). 

which after  separation of the variable z(r P, A)= (,I,, p, )t)ei~Z reduces to the sys tem 

D %  = - - i a %  - -  ~,~; D %  = ).: - -  qq'o - -  V,~a%; 

D'q'. = iu~'~ - -  ~.o ~'. Vo;~; D p  : i~"t. 0 - -  i ~ c  o r i e z  "~]'r ~-  Qo~al:z - -  Q~)z~o; ( 2 . 5 )  

D~.o = - - i ~ p  - -  q~.o - -  iC~co Rez ~z - -  Qoo~; 

D~.z = i~)~r + iaCo Rez *0 - -  -~ ~z = Voo% - -  (i~ + i'0z),0 

wi th  b o u n d a r y  c o n d i t i o n s  $ r = 6 0  =r  =0 (y =0,  1) and the  a dd i t i ona l  n o r m a l i z a t i o n  condi t ion  ?'z =1 at y =0.  The  
cond i t ion  fo r  the  s o l u b i l i t y  of  the  i n h o m o g e n e o u s  p r o b l e m  (2.2) t a k e s  the  f o r m  

i(fh (g, z) ,  ~ ( g ) ) o - ~ r d g d z  = 0 (k  - :  2 ,  3,  ~ . . . .  ) .  (2.6) 

A p p l y i n g  t h i s  to  the  c a s e  of  k = 2 and c o n s i d e r i n g  tha t  by v i r t u e  of  (2.3) 

f2 = i~e ,  12e~ (e~7- ~ - -  e-i~:qc*) + ~2(~ xy*  + q * : : 7  -}-e'~:q: >~ ' + e-"~:(~ * •  

we f ind t ha t  c 1 = 0 if  
i 

b 

(2.7) 

is nonzero. The latter condition was verified numerically, and it was found to be satisfied in the cases under 
consideration. The solution of problem (2.2) for k=2 may, in accordance with (2.7), be sought in the form 

(v2, h2, (02) ---- [}~ S, L) + (w, s, 1) e 2ic~z + (w*, s * , l * ) e - ~ ] .  (2.8) 
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T A B L E  1 

I i R e .  1;) i F le31~2 

,' ] L 

4,30 3.13 296.60 

11,3 3.1~ 303.$2 

17,8 3,15 329,3[ 

29,2 3,20 383,62 

39,7 3.25 450.31 

I. 1;;96 19.58 --::;.:',5 S,;~4 

t.1~$3 liLT3 --2.~6 9,1~t 

1,16th~ 2(L!~2 - -  1,33 9,61 

l.ltiOO 20.78 4.98 10,7 

1.17,15 21 ,.q5 27.5 12,1 

We no te  t h a t  t he  r i g h t - h a n d  s i d e  of  Eq .  (2.8) s h o u l d  be s u p p l e m e n t e d  wi th  the  s o l u t i o n  to the  o n e - d i m e n s i o n a l  
p r o b l e m  @, h a v i n g  a c e r t a i n  n u m e r i c a l  f a c t o r  fl 1; h o w e v e r ,  f r o m  the  c o n d i t i o n  of  s o l u b i l i t y  fo r  k =4  we f ind 

t h a t  f l l  = 0 .  S u b s t i t u t i o n  g i v e s  the  f o l l o w i n g  e q u a t i o n s  fo r  the  c o e f f i c i e n t  o f  the  z e r o  h a r m o n i c :  

D I | ' .  = L: - -  q W o ;  D W z  = - - L o ,  I-Vo = I V : =  (! (!, = (L 1); 

D L o  = B z  - -  qLu;  D L .  = --Bo;  W, = L~_~- 0: 
(2.9) 

D S  = B r - -  .Qo0tiz 7- -Qo.-||'0 - -  Vo.,L0 =- Vo,~L=. 

B = $• -~ g *  ;<'g, S = 0 (y  = 11. 

The addit ional  boundary condit ion  for S e s t a b l i s h e s  the arb i t rary  cons tant  in the def ini t ion of  the to ta l  p r e s s u r e .  
We seek the coefficients of the second harmonic by solving the boundary-value problem 

D t v r  = - - q W r  - -  2 ia t c z ;  D w ~  = l z - -  qlvo; D u ' .  = 2 iau '~  - -  lo; 

D s  = 2i~(c o Rez wr =- lo) - -  C~; D1 o = 2i~(c o Re: u'~ - -  s ) - -  "rio - -  C~; 
(2.10) 

DI= = 2 k z ( l r  - -  c o Re: wt~) 7 t;L,, tc~ = wo = u'z : :  ,J (y - (L 1), 

lr = - - 2 i ~ U ' o ,  C = -QoXW + I .,V o - -  q ' . 7 -  

U s i n g  (2.6) with k=3, we obtain the equation 

iac.,. Re:I i  + fi~I~ : :  I~. 

! 

I., = ~'(q :: L - - W  >:: y +  q* :. i - -  w :c 5"- ~ i ) r d y  �9 

1 

I~ -= j ' ( -Qi> .  q T V •  V i , ~ ) r d y ,  
0 

and  on  s o l v i n g  t h i s  we f ind  t h e  r e a l  c o n s t a n t s  fl and  e2: 

h n  ~I*,_I3) 
~l = |," Real [ I ] I a ) / R e a l  ( I~ I~ )  , c~= 

a Re: Real [,Ilia! 

C o m p u t e r  c a l c u l a t i o n s  s h o w e d  t h a t  f o r  t h e  v a l u e s  of t he  p a r a m e t e r s  u n d e r  c o n s i d e r a t i o n  t he  q u a n t i t y  u n d e r  t he  roo t  
w a s  p o s i t i v e .  T h i s  i n d i c a t e s  [19, 20] t ha t  t h e  s e r i e s  (2.1) c o n v e r g e s  a n d  fo r  s m a l l  c t he  s e l f - o s c i l l a t o r y  s o l u t i o n  
so  c o n s t r u c t e d ,  e x i s t i n g  i n  t h e  h y p e r c r i t i c a l  r e g i o n  Re 0 = R e 0 - c  2, i s  u n i q u e .  

In  o r d e r  to S tudy  the  s t a b i l i t y  of  the  s p i r a l  f low and  the  b r a n c h i n g  wave  m o d e  in  the  c l a s s  of  p e r t u r b a -  
t i o n s  w i th  p e r i o d  2~r/~ in  z ' ,  we u s e  E q .  ( 1 . 1 ) t w i c e  to s e t  up e q u a t i o n s  in  v a r i a t i o n a l  f o r m ,  and  we s e e k  the  v e -  
l o c i t y v e c t o r  a s  u (r,  z ' - c  0 Re z t) exp  a t  in  t h e  f i r s t  c a s e  and  as  u ' ( r ,  z ' - c ' t )  exp  a ' t  in  the  s e c o n d .  T h i s  l e a d s  
to  the  fo l l owing  p r o b l e m s  fo r  the  e i g e n v a l u e s  of  the  e x p o n e n t i a l  i n d i c e s  z and  ~ , .  

[ ou - -  co Re: 0u/0z =- .Q ' . .u  ~- rot u ' . V - ' -  grad Z • rot r o t u  - - 0 ,  

[ d i v u  = 0 ,  u = 0 (r = ~, 1 - ~), : =- : ' - - 6 ,  Be:Z): 

] o ' t t '  - -  c ' O u ' / d :  --- (.Q ~ (o) "-u'  -+ rot u '  : . (V - - v) - giad %' -= 

( - + - r o t r o t u '  = 0 .  d i v u '  = ( ) ,  u '  = 0  ( r - -  ~, 1 - -  }_). : =  z ' - - c ' t .  

Since  we a r e  i n t e r e s t e d  in  t h e  b e h a v i o r  o f t h e p e r t u r b a t i o n  fo r  a s l i g h t  i n c r e m e n t  o v e r  the  c r i t i c a l  s t a t e ,  
we m a y  s e e k  s o l u t i o n s  to  the  f o r e g o i n g  p r o b l e m s  in  the  f o r m  of  s e r i e s  in  c [20] and  a r r i v e  at t he  r e s u l t  

o = o S + 0 (e"-); o' = o ~  ~ + 0 (~'~), 

o~ = - -  I 3 1 I  i ,  Real o~ = - -  Real o., 
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in which the exis tence of a posi t ive rea l  par t  in the coefficient  cr 2 o r  a '  2 indicates the instabili ty of the 
corresponding flow. 

3 .  N u m e r i c a l  R e s u l t s  

Calculations of the se l f -osc i l l a to ry  situation were ca r r i ed  out on the ODRA-1204 computer  for  a gap of 
= 50 and var ious  Rez numbers .  F i r s t  we used the Newton method to ref ine the c r i t i ca l  values of the pa r am-  

e t e r s  co, Re 0 found in [15]; the wave number  was chosen f rom the considerat ion of reducing the c r i t i ca l  Rey-  
nolds number  Re0(oQ to a minimum. Then we solved the boundary-value  problems (2.4), (2.5), (2.9), and (2.10) 
by a complex vers ion  of the orthogonalizat ion method [22, 23]; the calculat ion of the integrals  I1, I2, I S 
amounted to obtaining a solution of the Cauehy p rob lem f rom the outer  to the inner cyl inder ,  with the pa ra l -  
lel  integration of a l a r g e r  and l a rge r  sys t em of different ia l  equations by the  s tandard Runge-Kut t a  method 
of the fourth o rde r ,  with automatic  step select ion.  

For  modera te  axial Reynolds numbers  the resu l t s  shown in Table 1 enable us to in terpret  the solution 
here  obtained as the stable wave motion of the liquid due to the removal  of the secondary  Tay lo r  vor t ices  by 
the axial flow. 

The author wishes to thank V. I. Yudovich for  in teres t  in this work.  
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O S C I L L A T I O N S  O F  AN I D E A L  L I Q U I D  A C T E D  U P O N  

BY S U R F A C E - T E N S I O N  F O R C E S .  C A S E  O F  A D O U B L Y  

C O N N E C T E D  F R E E  S U R F A C E  

V .  R .  O r e l  UDC 532.593 

Many a r t i c l e s  have appeared  on the p rob l ems  of sma l l  osci l la t ions  of an ideal liquid acted upon 
by su r f ace - t ens ion  fo rces .  Osci l la t ions  of a liquid with a single f ree  sur face  are t r e a t ed  in [1, 
2]. Osci l la t ions  of an a r b i t r a r y  num b er  of immisc ib le  liquids bounded by equi l ibr ium su r f aces  
on which only zero  volume osc i l la t ions  are a s sumed  possible  are  invest igated in [3]. We con-  
s ide r  below the p rob lem of the osci l la t ions  of an ideal liquid with two free su r faces  on each of 
which nonzero volume d is tu rbances  are k inemat ica l ly  poss ib le .  The d is turbances  sa t i s fy  the 
condition of constant total  vo lume.  A method of solution is p resen ted .  The p rob lem of a x i s y m -  
m e t r i c  osc i l la t ions  of a liquid sphere  in contact  with the p e r i p h e r y  of a c i r cu l a r  opening is con-  
s ide red  neglect ing g rav i ty .  The f i r s t  two e igenfrequencies  and osc i l l a to ry  modes are found. 

w 1. Suppose a c e r t a i n v o l u m e  Q of an ideal liquid bounded by solid walls of a conta iner  S and two f ree  
su r f ace s  Z I and ~2 (Fig. 1) is in a s ta te  of s table  equi l ibr ium; p is the density of the liquid, and a l  and ~ a r e  
the sur face  t ens ions .  The ex te rna l  field of body forces  has the potent ial  II. 

We cons ider  sma l l  osc i l la t ions  of  the liquid about the equi l ibr ium posit ion. We denote by ni(~) the 
no rma l  to the undis turbed sur face  Z i (i =1, 2) at the point ~ d i rec ted  outward f rom the region Q, and by ui(~, t) 
a smal l  d i sp lacement  along n i at t ime  t >-0. We assume that the d isp lacement  ui(~, t) is a twice continuously 
different iable  function of the p a r a m e t e r  ~ ( ~ i ) .  We denote by D i the set  of such functions. Let D= D~ • 2 be 
the space  of all pa i r s  of functions { u~, u 2} where  u i E D i. We u s e t h e v e c t o r  notation u ~{ ul, u~} for  the e l e -  
ments  of the set  D, We define the s c a l a r  product  in D (u ,v  ~D) 

(u, v) :: .! ~ir~d-~1--!- .!" ~l:t,.,r ~-.,. 
Z~ E., 

We introduce the d isplacement  potential  #(q, t), q ~  (J to desc r ibe  smal l  osci l la t ions  of an ideal  liquid [4]. 
For  any t ~-0 the potential  4~ is a solution of the p rob l em 

:~(1) ::: 0, c[ ~ (); 

0(I~/cOn!~ =: 0: 0q~,;0n~t~ i : :  z/~ (i : : t. 2). 

(1 . t)  

The n e c e s s a r y  condition for  the solvabi l i ty  of the inner Neumann p rob lem (1.1) is the conserva t ion  of 
volume [5] 

(l, u) == .i" .~id -vl -: ~ z:..d Z ...... l~. (1.2) 
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